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The issue regarding Schur complements of sign regular matrices
is rather subtle. It is known that the class of totally nonnegative
matrices is not closed under arbitrary Schur complementation. In
this paper, we demonstrate how Schur complements of sign regular
matrices of order k are sign regular of a certain order. In partic-
ular, some results for totally nonnegative and totally nonpositive
matrices are provided as our corollaries.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Given k ∈ 〈n〉 = {1, 2, . . . , n}. Deﬁne
Qk,n = {ω = (ω1, . . . ,ωk)|1ω1 < · · · < ωk  n}.
Let A ∈ Rn×n and α,β ∈ Qk,n. Then A[α|β] is by deﬁnition the submatrix with rows indexed by α
and columns indexed by β , and A(α|β) is the submatrix with rows indexed by 〈n〉\α and columns
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indexed by 〈n〉\β . When α = β , A[α|α] and A(α|α) are abbreviated to A[α] and A(α), respectively.
For convenience, write A(α) = A(r) if α = (r).
For a given k, a vector η = (1, . . . , k) is called a signature sequence if k n and |i| = 1 (i =
1, . . . , k). If rdet A[α|β](>)0 for all α,β ∈ Qr,n (r = 1, . . . , k), then A is called (strictly) sign regular
of order k with signature η. When k = n, A is simply called (strictly) sign regular. In particular, if i = 1
for i = 1, . . . , n, then A is totally nonnegative (totally positive); and if i = −1 for i = 1, . . . , n, then A
is totally nonpositive (totally negative).
Sign regularmatrices appear inmany ﬁelds such as approximation theory, combinatorics, statistics
and economics. One of the interesting properties of these matrices is that they can be characterized
by some variation-diminishing properties which are useful for shape-preserving representations in
computer-aided geometric design [7]. Recently, some properties and characterizations on sign regular
matrices have been studied in [2,3,5]. Our motivation of this paper is to give some interesting results
for Schur complements of sign regular matrices.
If A[α|β] is nonsingular, then the Schur complement of A[α|β] in A is given by
A/[α|β] = A/A[α|β] = A[α′|β ′] − A[α′|β](A[α|β])−1A[α|β ′]
whereα′ = 〈n〉\α andβ ′ = 〈n〉\β . In particular, ifα = (αi),β = (βi) ∈ Qk,n, thenwewrite A/[α|β]= A/{α1, . . . ,αk|β1, . . . ,βk}. When α = β , we will use A/α for A/[α|β]. Schur complements have
been well-studied for various classes of matrices such as positive deﬁnite matrices, M-matrices and
inverse M-matrices. It is well known that the classes of positive deﬁnite matrices, M-matrices and
inverseM-matrices are closed under arbitrary Schur complementation. But the issue regarding Schur
complements of sign regularmatrices is rather subtle. For a totally nonnegative (or totally nonpositive)
matrix A, it is shown in [1,4–6] that A/α is totally nonnegative only if 〈n〉\α is an index set consisting
of consecutive integers. Otherwise, A/α is not totally nonnegative as the following example shows: let
a totally nonnegative matrix
A =
⎛
⎜⎜⎝
2 1 1 1
3 2 3 3
1 1 4 4
1 1 5 6
⎞
⎟⎟⎠ ,
then
A/{2} =
⎛
⎜⎜⎝
1
2
− 1
2
− 1
2
− 1
2
5
2
5
2
− 1
2
7
2
9
2
⎞
⎟⎟⎠ is not totally nonnegative.
However, if we set S
(k)
n = diag(xt) is an n-by-n diagonal matrix where
xt =
{−1 if t  k,
1 otherwise,
then it is surprising to get that S
(1)
3 (A/{2})S(1)3 is totally nonnegative. In addition,
A/{1|4} =
⎛
⎝−3 −1 0−7 −3 0
−11 −5 −1
⎞
⎠ ,
but it is interesting to check that (A/{1|4})S(3)3 is totally nonnegative.
The aim of this paper is to provide a general result for Schur complements of sign regular matrices
of order k. Our main result is the following theorem.
Theorem 1. Suppose A ∈ Rn×n is sign regular of order k (k 2) with signature η = (1, . . . , k). Set
α = (αi), β = (βi) ∈ Qt,n with t < k. If A[α|β] is nonsingular, then(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
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is sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
. In particular, if 〈n〉\α is an index set consisting
of consecutive integers, then A/α is sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
.
Next we provide an example to illustrate Theorem 1.
Example. Let
A =
⎛
⎜⎜⎜⎜⎝
1 1 1 1 1
2 2 2 2 1
5 5 5 4 1
8 8 7 5 1
13 12 9 6 1
⎞
⎟⎟⎟⎟⎠.
Then it is not difﬁcult to check that A is sign regular with signature (1,−1,−1, 1, 1). By a simple
calculation, we obtain
A/{1, 4|2, 4} =
⎛
⎜⎝
0 0 −1
0 1
3
− 5
3
1 −1 3
⎞
⎟⎠
which, clearly, is not sign regular. However, it does hold that
S
(2)
3 S
(0)
3 (A/{1, 4|2, 4})S(1)3 S(2)3 =
⎛
⎜⎝
0 0 1
0 1
3
5
3
1 1 3
⎞
⎟⎠
is sign regular with signature (1,−1,−1).
The following corollary is directly derived from Theorem 1.
Corollary 2. Suppose A ∈ Rn×n is totally nonnegative or totally nonpositive. Set α = (αi), β = (βi) ∈
Qt,n with t < n. If A[α|β] is nonsingular, then(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is totally nonnegative. In particular, if 〈n〉\α is an index set consisting of consecutive integers, then A/α is
totally nonnegative.
2. Proof of the main result
Lemma 3. Suppose A = (aij) ∈ Rn×n is sign regular of order k (k 2) with signature η = (1, . . . , k).
If at1 ,t2 /= 0, then
S
(t1−1)
n−1 (A/{t1|t2})S(t2−1)n−1
is sign regular of order k − 1 with signature
(
2
1
, . . . , k
1
)
.
Proof. To prove the conclusion, we need to show
l+1
1
· det
(
S
(t1−1)
n−1 (A/{t1|t2})S(t2−1)n−1
)
[α|β] 0 (1)
for all α = (αi), β = (βi) ∈ Ql,n−1 with any l ∈ 〈k − 1〉 = {1, 2, . . . , k − 1}. Set α′ = α˜ ∪ {t1} and
β ′ = β˜ ∪ {t2}, where α˜ = (α˜i) and β˜ = (β˜i) satisfy the following
α˜i =
{
αi if t1 > αi,
αi + 1 if t1 αi, and β˜i =
{
βi if t1 > βi,
βi + 1 if t1 βi.
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Now consider the (l + 1) × (l + 1) submatrix B = (bij) = A[α′|β ′]. Assume that at1 ,t2 is in the posi-
tion (r, s) of B, i.e, at1 ,t2 = brs. This means that
α1 < · · · < αr−1 < t1 αr < · · · < αl (2)
and
β1 < · · · < βs−1 < t2 βs < · · · < βl. (3)
So (A/{t1|t2})[α|β] = B/{r|s}. Thus it is not difﬁcult to get that
det A[α′|β ′] = det B = (−1)r+sbrsdet(B/{r|s}) = (−1)r+sat1 ,t2det(A/{t1|t2})[α|β].
By (2) and (3), we have that S
(t1−1)
n−1 [α] = S(r−1)l and S(t2−1)n−1 [β] = S(s−1)l . Hence,
det
(
S
(t1−1)
n−1 (A/{t1|t2})S(t2−1)n−1
)
[α|β] = det
(
S
(t1−1)
n−1 [α])det(A/{t1|t2})[α|β]det(S(t2−1)n−1 [β]
)
= (−1)r+sdet(A/{t1|t2})[α|β]
= 1
at1 ,t2
det A[α′|β ′],
from which it is easy to get that (1) holds. 
Lemma 4. Let A be an n-by-n matrix and D be an n-by-n nonsingular diagonal matrix. Then
(AD)/{r|s} = (A/{r|s})D(s), (DA)/{r|s} = D(r)(A/{r|s}).
Further,
(D1AD2)/{r|s} = D1(r)(A/{r|s})D2(s)
for nonsingular diagonal matrices D1 and D2.
Proof. Let A = (aij) and D = diag(xi) with all xi /= 0. We ﬁrst consider the case that r = 1 and s = n
if a1n /= 0. Then
(AD)/{1|n} =
⎛
⎜⎜⎝
x1a21 · · · xn−1a2,n−1
... · · · ...
x1an1 · · · xn−1an,n−1
⎞
⎟⎟⎠− 1
xna1n
⎛
⎜⎜⎝
xna2n
...
xnann
⎞
⎟⎟⎠
(
x1a11, . . ., xn−1a1,n−1
)
from which it follows that (AD)/{1|n} = (A/{1|n})D(n). Thus, using a similar way, we easily get that
(AD)/{r|s} = (A/{r|s})D(s) for any ars /= 0. Similarly, (DA)/{r|s} = D(r)(A/{r|s}). Clearly,
(D1AD2)/{r|s} = D1(r)(AD2)/{r|s} = D1(r)(A/{r|s})D2(s)
for nonsingular diagonal matrices D1 and D2. 
To prove our result, we require the important result Theorem 1.3 of [1] as follows.
Lemma 5 [1]. Let A be an n-by-n matrix, and suppose that A[α|β] is nonsingular for α,β ∈ Qt,n.
If ω, τ ∈ Qk,n, ω ⊂ 〈n〉\α and τ ⊂ 〈n〉\β , then
(A/[α|β])/[ω|τ ] = A/[α ∪ ω|β ∪ τ ].
Foranonsingular sign regularmatrixA = (aij) ∈ Rn×n oforderk(k 2)withsignature (1, . . . , k),
it is necessary to be pointed out that if 2 = 1, then a11 /= 0; and if 2 = −1, then a1n /= 0. We are
now ready to prove Theorem 1.
Proof of Theorem 1. To prove the result, we use the induction method on the order n of A. It is easy to
check that the cases n = 1, 2 are true. Now assume that the assertion holds for the orders less than n.
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Since A ∈ Rn×n is sign regular of order k and t < k, we have that A[α|β] ∈ Rt×t is sign regular, from
which it follows that aα1 ,β1 /= 0 or aαt ,β1 /= 0. Thus we consider two cases as follows.
• If aα1 ,β1 /= 0, by Lemma 3, then
B = S(α1−1)n−1 (A/{α1|β1})S(β1−1)n−1
is sign regular of order k − 1with signature
(
2
1
, . . . , k
1
)
. Set α˜ = (α2 − 1, . . . ,αt − 1) and β˜ =
(β2 − 1, . . . ,βt − 1). Then it is not difﬁcult to get that B[α˜|β˜] ∈ R(t−1)×(t−1) is nonsingular
since A[α|β] is nonsingular. Consider the fact that α1 − 1 < α2 − 1 < · · · < αt − 1 and β1 −
1 < β2 − 1 < · · · < βt − 1. Thus, it holds by Lemmas 4 and 5 that
B/[α˜|β˜] = S(α1−1)n−1 (α˜)(A/{α1 . . . ,αt|β1, . . . ,βt})S(β1−1)n−1 (β˜)
= S(α1−1)n−t (A/[α|β])S(β1−1)n−t .
Now applying the induction assumption to B ∈ R(n−1)×(n−1), we get that
(
S
((αt−1)−(t−1))
(n−1)−(t−1) · · · S((α2−1)−1)(n−1)−(t−1)
)
(B/[α˜|β˜])
(
S
((β2−1)−1)
(n−1)−(t−1) · · · S((βt−1)−(t−1))(n−1)−(t−1)
)
=
(
S
(αt−t)
n−t · · · S(α2−2)n−t
)
(B/[α˜|β˜])
(
S
(β2−2)
n−t · · · S(βt−t)n−t
)
=
(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
.
• If aαt ,β1 /= 0, by Lemma 3, then
B = S(αt−1)n−1 (A/{αt|β1})S(β1−1)n−1
is sign regularof orderk − 1with signature
(
2
1
, . . . , k
1
)
. Set α˜ = (α1, . . . ,αt−1)and β˜ = (β2 −
1, . . . ,βt − 1). Then it is not difﬁcult to get that B[α˜|β˜] ∈ R(t−1)×(t−1) is nonsingular. Consider
the fact thatα1 < · · · < αt−1 αt − 1 andβ1 − 1 < β2 − 1 < · · · < βt − 1. Thus, it holds by
Lemmas 4 and 5 that
B/[α˜|β˜] = S(αt−1)n−1 (α˜)(A/{α1, . . . ,αt|β1, . . . ,βt})S(β1−1)n−1 (β˜)
= S(αt−t)n−t (A/[α|β])S(β1−1)n−t .
Now applying the induction assumption to B ∈ R(n−1)×(n−1), we get that
(
S
(αt−1−(t−1))
(n−1)−(t−1) · · · S(α1−1)(n−1)−(t−1)
)
(B/[α˜|β˜])
(
S
((β2−1)−1)
(n−1)−(t−1) · · · S((βt−1)−(t−1))(n−1)−(t−1)
)
=
(
S
(αt−1−(t−1))
n−t · · · S(α1−1)n−t
)
(B/[α˜|β˜])
(
S
(β2−2)
n−t · · · S(βt−t)n−t
)
=
(
S
(αt−1−(t−1))
n−t · · · S(α1−1)n−t
) (
S
(αt−t)
n−t (A/[α|β])S(β1−1)n−t
) (
S
(β2−2)
n−t · · · S(βt−t)n−t
)
=
(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
.
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Therefore, it is proved that the conclusion is true. In particular, if 〈n〉\α ∈ Qn−t,n is an index set
consisting of consecutive integers, thenwe can assume that 〈n〉\α = (r + 1, r + 2, . . . , n − t + r) for
some integer r, which implies that α = (1, . . . , r) ∪ (n − t + r + 1, . . . , n). Thus it is not difﬁcult to
get that(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/α)
(
S
(α1−1)
n−t · · · S(αt−t)n−t
)
= A/α.
Hence, we conclude that if 〈n〉\α is an index set consisting of consecutive integers, then A/α is sign
regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
. 
Remark. Given a matrix A = (aij), we denote by |A| the matrix of absolute values of the entries of
A. We easily get from Theorem 1 that if A ∈ Rn×n is sign regular of order k (k 2) with signature
η = (1, . . . , k), then t+1t · |A/[α|β]| is sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
for
α,β ∈ Qt,n with t < k. In particular, if A is totally nonnegative or totally nonpositive, then |A/[α|β]|
is totally nonnegative for α,β ∈ Qt,n with t < n.
According to the proof of Theorem 1, we immediately have the following results.
Theorem 6. Suppose A ∈ Rn×n is strictly sign regular of order k(k 2)with signature η = (1, . . . , k).
Set α = (αi), β = (βi) ∈ Qt,n with t < k. If A[α|β] is nonsingular, then(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is strictly sign regular of order k − t with signature
(
t+1
t
, . . . , k
t
)
. In particular, if 〈n〉\α is an index
set consisting of consecutive integers, then A/α is strictly sign regular of order k − t with signature(
t+1
t
, . . . , k
t
)
.
Corollary 7. Suppose A ∈ Rn×n is totally positive or totally negative. Set α = (αi), β = (βi) ∈ Qt,n with
t < n. If A[α|β] is nonsingular, then(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is totally positive. In particular, if 〈n〉\α is an index set consisting of consecutive integers, then A/α is totally
positive.
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